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ABSTRACT. In this paper, we establish the Riemann-Roch theorem in twisted i-f-fheory 
extending our earlier results. We also give a careful summary of twisted geometric cycles 
explaining in detail some subtle points in the theory. As an application, we prove a twisted 
index formula and show that D-brane charges in Type I and Type II string theory are clas- 
sified by twisted KO-theory and twisted _R"-theory respectively in the presence of B-fields 
as proposed by Witten. 
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1. Introduction 

1.1. String geometry. We begin by giving a short discussion of the physical back- 
ground. Readers uninterested in this motivation may move to the next subsection. In string 
theory D-branes were proposed as a mechanism for providing boundary conditions for the 
dynamics of open strings moving in space-time. Initially they were thought of as sub- 
manifolds. As D-branes themselves can evolve over time one needs to study equivalence 
relations on the set of D-branes. An invariant of the equivalence class is the topological 
charge of the D-brane which should be thought of as an analogue of the Dirac monopole 
charge as these D-brane charges are associated with gauge fields (connections) on vector 
bundles over the D-brane. These vector bundles are known as Chan-Paton bundles. 

In [MM] Minasian and Moore made the proposal that D-brane charges should take 
values in A-groups and not in the cohomology of the space-time or the D-brane. However, 
they proposed a cohomological formula for these charges which might be thought of as a 
kind of index theorem in the sense that, in general, index theory associates to a if -theory 
class a number which is given by an integral of a closed differential form. In string theory 
there is an additional field on space-time known as the ii-flux which may be thought of as a 
global closed three form. Locally it is given by a family of 'two-form potentials' known as 
the B-field. Mathematically we think of these i?-fields as defining a degree three integral 
Cech class on the space-time, called a 'twist'. Witten [Wit], extending [MM|, gave a 
physical argument for the idea that D-brane charges should be elements of if -groups and, 
in addition, proposed that the D-brane charges in the presence of a twist should take values 
in twisted if -theory (at least in the case where the twist is torsion). The mathematical 
ideas he relied on were due to Donovan and Karoubi [DK|. Subsequently Bouwknegt and 
Mathai [BouMat] extended Witten's proposal to the non-torsion case using ideas from 
[Ros|. A geometric model (that is, a 'string geometry' picture) for some of these string 
theory constructions and for twisted if -theory was proposed in [BCMMS ] using the notion 
of bundle gerbes and bundle gerbe modules. Various refinements of twisted if -theory that 
are suggested by these applications are also described in the article of Atiyah and Segal 
[ AS1 1 and we will need to use their results here. 



1.2. Mathematical results. From a mathematical perspective some immediate ques- 
tions arise from the physical input summarised above. When there is no twist it is well 
known that A'-theory provides the main topological tool for the index theory of elliptic 
operators. One version of the Atiyah-Singer index theorem due to Baum-Higson-Schick 
|BHS| establishes a relationship between the analytic viewpoint provided by elliptic dif- 
ferential operators and the geometric viewpoint provided by the notion of geometric cycle 
introduced in the fundamental paper of Baum and Douglas |BD2|. The viewpoint that 
geometric cycles in the sense of |BD2| are a model for D-branes in the untwisted case is 
expounded in |RS , RSVIISzll . Note that in this viewpoint D-branes are no longer subman- 
ifolds but the images of manifolds under a smooth map. 

It is thus tempting to conjecture that there is an analogous picture of D-branes as a 
type of geometric cycle in the twisted case as well. More precisely we ask the question 
of whether there is a way to formulate the notion of 'twisted geometric cycle' (cf [BD1 1 
and JBD2 |) and to prove an index theorem in the spirit of |BHS| for twisted A-theory. 
This precise question was answered in the positive in [Wa]. It is important to emphasise 
that string geometry ideas from [FreWit] played a key role in finding the correct way to 
generalise IIBD1I . 
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Our purpose here in the present paper is threefold. First, we explain the results in 
|Wa| (see Section 5) in a fashion that is more aligned to the string geometry viewpoint. 
Second, we prove an analogue of the Atiyah-Hirzebruch Riemann-Roch formula in twisted 
Jf -theory by extending the results and approach of [CMW|. An interesting by-product of 
our approach in Section 5 is a discussion of the Thom class in twisted K theory. Third, 
in Section 6 we prove an index formula using our twisted Riemann-Roch theorem. It will 
be clear from our approach to this twisted index theory that our twisted geometric cycles 
provide a geometric model for D-branes and we give details in Section 7. 

Our main new results are stated as two theorems, Theorem 15.31 (twisted Riemann- 
Roch) and Theorem 16. II (the index pairing). We remark that the Minasian-Moore formula 
[MM | arises from the fact that the index pairing they discuss may be regarded as a qua- 
dratic form on if -theory. In the twisted index formula that we establish, the pairing is 
asymmetric and may be thought of as a bilinear form, from which there is no obvious way 
to extract a twisted analogue of the Minasian-Moore formula. Nevertheless we interpret 
our results in terms of the physics language in Section 7 explaining the link to Witten's 
original ideas on D-brane charges. 

2. Twisted A'-theory: preliminary review 

2.1. Twisted If -theory: topological and analytic definitions. We begin by review- 
ing the notion of a 'twisting'. Let Ti be an infinite dimensional, complex and separable 
Hilbert space. We shall consider locally trivial principal PU (7i)-bundles over a para- 
compact Hausdorff topological space X, the structure group PU(TL) is equipped with the 
norm topology. The projective unitary group PU (Ti) with the topology induced by the 
norm topology on U(TL) (Cf. [Kui|) has the homotopy type of an Eilenberg-MacLane 
space K(Z, 2). The classifying space of PU(H), denoted BPU{H), is a K(Z, 3). The 
set of isomorphism classes of principal PU (Ti) -bundles over X is given by (Proposition 
2.1 in BAS1II ) homotopy classes of maps from X to any K (Z, 3) and there is a canonical 
identification 

[X,BPU(Ti)] = H 3 (X,Z), 
A twisting of complex A-theory on X is given by a continuous map a : X — > 
K (Z, 3). For such a twisting, we can associate a canonical principal P[/(7i)-bundle V a 
through the usual pull-back construction from the universal PU(Ti) bundle denoted by 
EK(Z, 2), as summarised by the diagram: 

(2.1) V a ^EK(Z,2) 

X +K(Z,3). 

We will use PU(TL) as a group model for a K(Z, 2). We write Fred(7Y) for the connected 
component of the identity of the space of Fredholm operators on Ti equipped with the norm 
topology. There is a base-point preserving action of PU(Ti) given by the conjugation 
action of U(Ti) on Fred(Ti): 

(2.2) PU(H) x Fred(ft) — ► Fred(ft). 

The action ( 12.21 ) defines an associated bundle over X which we denote by 
7> Q (Fred) = V a x PU[H) Pred(W) 
We write {Sl^-'P ct (Fred) = V a x PU(n) ^™Fred} for the fiber-wise iterated loop spaces. 
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Definition 2.1. The (topological) twisted K-groups of (X, a) are defined to be 

K~ n (X,a) :=7r (C c (X,n n x V a (Fred))), 

the set of homotopy classes of compactly supported sections (meaning they are the identity 
operator in Fred off a compact set) of the bundle of V a (Fred). 

Due to Bott periodicity, we only have two different twisted K-groups K °(X, a) and 
K 1 (X, a). Given a closed subspace A of X, then (X, A) is a pair of topological spaces, 
and we define relative twisted K-groups to be 

K ev /° dd (X, A; a) := K ev / odd (X - A, a). 

Take a pair of twistings ao, a\ : X — > K(Z, 3), and a map rj : X x [1, 0] — > K(Z, 3) 
which is a homotopy between ao and at\, represented diagrammatically by 




Oil 



Then there is a canonical isomorphism V ao — V ai induced by rj. This canonical isomor- 
phism determines a canonical isomorphism on twisted K-groups 

(2.3) n»: K ev /° dd (X,a )-=-^K ev / odd (X,ai), 

This isomorphism rj* depends only on the homotopy class of rj. The set of homotopy 
classes of maps between ao and ai is labelled by [X, 2f(Z, 2)]. Recall the first Chern 
class isomorphism 

Vecti(X) S [X,K(Z,2)] ^ H 2 (X,Z) 
where Vecti(X) is the set of equivalence classes of complex line bundles on X. We 
remark that the isomorphisms induced by two different homotopies between ao and a% are 
related through an action of complex line bundles. 

Let K. be the C* -algebra of compact operators on TC. The isomorphism PU(Tt) = 
Aut(IC) via the conjugation action of the unitary group U(H.) provides an action of a 
K(li, 2) on the C*-algebra K.. Hence, any K(Z, 2)-principal bundle V a defines a locally 
trivial bundle of compact operators, denoted by V a QC) =P a x pu(H) K>- 

Let Cq(X, Va (fC)) be the C* -algebra of sections of V a (fC) vanishing at infinity. Then 
Co(X,V a (]C) is the (unique up to isomorphism) stable separable complex continuous- 
trace C*-algebra over X with Dixmier-Douday class [a] 6 H 3 (X, Z) (here we identify 
the Cech cohomology of X with its singular cohomology, cf |Ros| and |AS1|). 

Theorem 2.2. ( ilASlll and IfRosll ) The topological twisted K-groups K ev / odd (X, a) 
are canonically isomorphic to analytic K -theory of the C* -algebra Cq(X, V a (IC)) 

K e ^ odd (X,a) S K ev/odd (C (X,V a (IC))) 

where the latter group is the algebraic K -theory ofCo{X, V a {lC)), defined to be 

lim TT^GLkiCoiX^ilC)))). 

k — ^oo 

Note that the algebraic K -theory of Cq{X, P a (/C)) is isomorphic to Kasparovs KK- 
theory ( UKaslI and HKas2l ) 

KK ev /° dd (C,C (X,V a (IC)). 
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It is important to recognise that these groups are only defined up to isomorphism by 
the Dixmier-Douady class [a] 6 H 3 (X,Z). To distinguish these two equivalent definitions 
of twisted if-theory if needed, we will write 

Kr o l° dd (X,a) and K^\X,a) 

for the topological and analytic twisted if -theories of (X, a) respectively. Twisted K- 
theory is a 2-periodic generalized cohomology theory: a contravariant functor on the cat- 
egory consisting of pairs (X, a), with the twisting a : X — > K(Z, 3), to the category of 
Z2-graded abelian groups. Note that a morphism between two pairs (X, a) and (Y, (3) is a 
continuous map / : X — > Y such that (3 o f = a. 

2.2. Twisted if -theory for torsion twistings. There are some subtle issues in twisted 
if -theory and to handle these we have chosen to use the language of bundle gerbes, con- 
nections and curvings as explained in [Mur|. We explain first the so-called 'lifting bundle 
gerbe' Q a [Mur| associated to the principal PU(H) -bundle it : V a — ► X and the central 
extension 

(2.4) 1 -> U(l) — ► U{H) — ► PU{H) -> 1. 

[21 

This is constructed by starting with 7r : P Q ~ * X, forming the fibre product V a which is 
a groupoid 

V [ a ] =V a y*xV a =^V<* 

with source and range maps ttj : (2/1,2/2) *-* 2/i an d ^2 ■ (2/1,2/2) 2/2- There is an 
obvious map from each fiber of Vk 1 to PU(H) and so we can define the fiber of Q n over 
a point in Va^ by pulling back the fibration (12.4b using this map. This endows Q a with 
a groupoid structure (from the multiplication in U(H)) and in fact it is a U(l) -groupoid 
extension of . 

A torsion twisting a is a map a : X — > if (Z, 3) representing a torsion class in 
H 3 (X, Z). Every torsion twisting arises from a principal PJ7(n)-bundle V a (n) with its 
classifying map 

X -► BPU(n), 

or a principal PU(H )-bundle with a reduction to PU (n) C PC/ (W). For a torsion twisting 
a : X — > BPU(n) — > BPU{TL), the corresponding lifting bundle gerbe CJ a 

(2.5) g Q 



P a (n)I 2 l =£P a (n) 

7T 

M 

is defined by P Q (n) I 2 ' = Pa (n) x PU (n) =4 Pa (n) (as a groupoid) and the central 
extension 

1 -> 17(1) — ► C/(n) — ► PJ7(n) -> 1. 

There is an Azumaya bundle associated to V a {n) arising naturally from the PU(n) 
action on the n x n matrices. We denote this associated Azumaya bundle by A a . An 
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.4 Q -module is a complex vector bundle £ over M with a fiberwise A a action 

A a x M £ — > £. 

The C*-algebra of continuous sections of A a , vanishing at infinity if X is non-compact, 
is Morita equivalent to a continuous trace C*-algebra Co(X, VaiJC)). Hence there is an 
isomorphism between K°(X, a) and the if-theory of the bundle modules of A a . 

There is an equivalent definition of twisted A"-theory using bundle gerbe modules (Cf. 
HBCMMSI and HCW1I ). A bundle gerbe module E of Q a is a complex vector bundle E 
over V a {n) with a groupoid action of Q a , i.e., an isomorphism 

4> ■ Qa X(7T 2 ,p) E — > E 

where Q a x ^ 2 ^) E is the fiber product of the source ir 2 : G a —> 'Pa ( n ) and p : E — ► V a (n) 
such that 

(1) p o <j)(g, v) — TTi(g) for (g, v) <E Q a x ^ ltP ) E, and tti is the target map of C/ Q . 

(2) is compatible with the bundle gerbe multiplication m : Q a x ( W2!7ri ) C/ Q — > Q a , 
which means 

(j> o (id X 4>) = 4>o (m x id). 
Note that the natural representation of U(n) on C™ induces a Q a bundle gerbe module 

S n =Va{n) x C". 

Here we use the fact that Q a = Va.(n) x U(n) ^ V a (n) (as a groupoid). Similarly, the 
dual representation of U (n) on C™ induces a Q- a bundle gerbe module S* = Va (n>) x C n . 
Note that 5* <E) S n = n*A a descends to the Azumaya bundle A a ■ Given a Q a bundle gerbe 
module E of rank k, then as a PU (n)-equivariant vector bundle, (E> E descends to an 
^4 Q -bundle over M. Conversely, given an ^l Q -bundle £ over M, S n A a defines a 
Q a bundle gerbe module. These two constructions are inverse to each other due to the fact 
that 

S* O (S n ®„*A a 7T*^) = (S„ ® S n ) ® n .A a = n* Aa ®^>A a K*£ ^ TT* £ . 

Therefore, there is a natural equivalence between the category of Q a bundle gerbe modules 
and the category of A a bundle modules, as discussed in [CW1|. In summary, we have the 
following proposition. 

PROPOSITION 2.3. dBCMMSMCWll ) For a torsion twisting a : X -» BPU(n) 
BPU (H), twisted K -theory K°(X, a) has another two equivalent descriptions: 

(1) the Grothendieck group of the category of Q a bundle gerbe modules. 

(2) the Grothendieck group of the category of A a bundle modules. 

One important example of torsion twistings comes from real oriented vector bundles. 
Consider an oriented real vector bundle E of even rank over X with a fixed fiberwise inner 
product. Denote by 

v E : X -> BSO(2/c) 
the classifying map of E. The following twisting 

o(E) :=W 3 oiy E :X — ► BSO(2/c) — > K(Z, 3), 

will be called the orientation twisting associated to E. Here W3 is the classifying map of 
the principal BU(l)-bundle BSpin c (2fc) — > BSO(2/c). Note that the orientation twisting 
o(E) is null-homotopic if and only if E is K-oriented. 
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PROPOSITION 2.4. Given an oriented real vector bundle E of even rank over X with 
an orientation twisting o(E), then there is a canonical isomorphism 

K°(X,o(E))^K°(X,W 3 (E)) 

where K (X, W3 (E)) is the K -theory of the Clifford modules associated to the bundle 
Cliff (E) of Clifford algebras. 

Proof. Denote by Tr the frame bundle of V, the principal SO (2k) -bundle of posi- 
tively oriented orthonormal frames, i.e., 

E = Tr x P2n R 2k , 

where p n is the standard representation of SO(2k) on R". The lifting bundle gerbe asso- 
ciated to the frame bundle and the central extension 

1 -> U(l) — ► S P in c (2k) — ► SO{2k) -> 1 

is called the Spin c bundle gerbe Q Ws t E ^ of E, whose Dixmier-Douady invariant is given 
by the integral third Stiefel-Whitney class W%(E) € H 3 (X,'Z). The canonical represen- 
tation of Spin c (2k) gives a natural inclusion 

Spin c (2k) C U(2 k ) 

which induces a commutative diagram 

17(1) » Spin c (2k) »- SO(2k) 



U(l) ^ U{2 k ) *- PU(2 k ) 



U{1) > U(H) PU{H). 

This provides a reduction of the principal P[/(7Y)-bundle V (e)- The associated bundle 
of Azumaya algebras is in fact the bundle of Clifford algebras, whose bundle modules are 
called Clifford modules ([BGV]). Hence, there exists a canonical isomorphism between 
K°(X, o(E) ) and the TC-theory of the Clifford modules associated to the bundle Cliff (E). 

□ 

2.3. Twisted TC-theory: general properties. Twisted Tf-theory satisfies the follow- 
ing properties whose proofs are rather standard for a 2-periodic generalized cohomology 
theory ( MASH IICW1I BKarl MWal ). (Note that when we write (X, A) for a pair of spaces 
we assume A C X.) 

(I) (The homotopy axiom) If two morphisms /, g : (Y, B) — > (X, A) are homo- 
topic through a map rj : (Y x [Q, 1], B x [0, 1]) — > (X, A), written in terms of 
the following homotopy commutative diagram 

<y,B)—U.(X,A) 

o 

9 , O a 

(X,A)—*K(Z,3), 
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then we have the following commutative diagram 

K ev /° dd (X, A; a) 

g* 

K ev /° dd {Y, B;ao /) ^ K ev/odd^ B . ao g y 

Here r/» is the canonical isomorphism induced by the homotopy r\. 
(II) (The exact axiom) For any pair (X, A) with a twisting a : X — > K(Z : 3), there 
exists the following six-term exact sequence 

K°(X, A; a) ^ K°(X, a) ^ K°(A, a\ A ) 




K 1 {A,a\ A ) ~* K 1 (X, a) ^ K 1 (X, A; a) 

here ol\a is the composition of the inclusion and a. 

(III) (The excision axiom) Let (X, A) be a pair of spaces and let U C A be a sub- 
space such that the closure U is contained in the interior of A. Then the inclusion 

l : (X — U, A — U) — > (X, A) induces, for all a : X — > K(Z, 3), an isomorphism 

K ev /° dd (X, A; a) — ► K ev/odd^ x _ jj^ a - U; a o l). 

(IV) (Multiplicative property) Let a, (3 : X — » K (Z, 3) be a pair of twistings on X. 
Denote by a + (3 the new twisting defined by the following mapQ 

(2.6) a + /3: X K(Z, 3) x K(Z, 3) K(Z, 3), 
where to is defined as follows 

BPU(H) x BPU{H) = B{PU{H) x F[/(W)) — ► BPU(H), 
for a fixed isomorphism H ® Tt = H. Then there is a canonical multiplication 

(2.7) #e„/odd (x, a) x (X, /3) — ► ^™/od<i ^ ) a + p^ 

which defines a if (JT) -module structure on twisted K-groups K ev / odd (X,a). 
(V) (Thom isomorphism) Let it : E —* X be an oriented real vector bundle of rank 
k over X, then there is a canonical isomorphism, for any twisting a : X — » 

if(Z,3), 

(2.8) ^/odd (x, a + 0£; ) ^ ^;«>/°<id (£; 5 a o ; 

with the grading shifted by k(mod 2). 
(VI) (The push-forward map) For any differentiable map / : X — ► Y between two 
smooth manifolds X and Y, let a : Y — > i4T(Z, 3) be a twisting. Then there is a 
canonical push-forward homomorphism 

(2.9) /, K : ^",/odd^ ( a o /) + 0f ) — ► K ev ' odd {Y, a), 

with the grading shifted by n mod(2) for n = dim(X) + dim(F). Here o/ is 
the orientation twisting corresponding to the bundle TX © f*TY over X. 



In terms of bundles of projective Hilbert space, this operation corresponds to the Hilbert space tenrsor 
product, see |AS1|. 
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(VII) (Mayer- Vietoris sequence) If X is covered by two open subsets U\ and U 2 with 
a twisting a : X — ► K(Z, 3), then there is a Mayer- Vietoris exact sequence 

K°(X, a) K l {Ux n U 2 , a 12 ) K x {U u ax) © K 1 ^,^) 



K^Ut, a x ) © K°(U 2 , a 2 ) K ^ n U 2 , a 12 ) K^X, a) 

where a,\ , a 2 and a 1 2 are the restrictions of a to C/i , E/2 and U\C\U 2 respectively. 

3. Twisted A -homology 

Complex if -theory, as a generalized cohomology theory on a CW complex, is devel- 
oped by Atiyah-Hirzebruch using complex vector bundles. It is representable in the sense 
that there exists a classifying space Z x BU (00), where BU(oo) = lira BU(k), such that 

K°(X) = [I,Zx BU (00)] 

for any finite CW complex X. The classifying space for complex If -theory is referred 
to as the £??7(oo)-spectrum with even term Z x BU{oo) and odd term [/(oo). They are 
also called the 'complex K-spectra' in the literature. The advantage of using spectra is that 
there is a natural definition of a homology theory associated to a classifying space of each 
generalized cohomology theory. Hence, the topological if-homology of a CW complex 
X, dual to complex if -theory, is defined by the following stable homotopy groups 

K^(X) = lim ir 2k (BU(w) A X+) 

k — *-oo 

and 

K%S(X><*) = !™ 7r 2fc+ i(i?[/(oo) A X+). 

k — >oo 

Here X + is the space X with one point added as a based point, and the wedge product of 
two based CW complexes (X, xq) and (Y, yo) is defined to be 

X AY 



(Xx{y }U{x }xY)- 

All the properties of if-homology, as a generalized homology theory, can be obtained 
in a natural way see for example in [Swi|. There are two other equivalent definitions 
of if-homology, called analytic if -homology developed by Kasparov, and geometric K- 
homology by Baum and Douglas. We now give a brief review of these two definitions. 

Kasparov's analytic A"-homology KK ev / odd (C(X), C) is generated by unitary equiv- 
alence classes of (graded) Fredholm modules over C(X) modulo an operator homotopy 
relation ([Kasl| and |Hi gRoe| ). For brevity we will use the notation K^ odd (X) for this 
if-homology. A cycle for Ky n (X), also called a Z2-graded Fredholm module, consists of 
a triple (<p ®, (j>i,H ® H\,F), where 

• <pi : C(X) — > B(Hi) is a representation of C(X) on a separable Hilbert space 
He 

• F : Ha — > Hi is a bounded operator such that 

Ma)F-FMa), <po{a){F* F - Id) <px{a){FF* - Id) 
are compact operators for all a £ C(X). 
A cycle for Kf n (X), also called a trivially graded or odd Fredholm module, consists of a 
pair {(p, F), where 
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• <j) : C{X) — ► B(H) is a representation of C(X) on a separable Hilbert space H; 

• F is a bounded self-adjoint operator on 7i such that 

ct>(a)F - F<f>(a), <P{a){F 2 - Id) 

are compact operators for all a £ C(X). 

In |BD1] and |BD2], Baum and Douglas gave a geometric definition of If -homology 
using what are now called geometric cycles. The basic cycles for Kf°°(X) (respectively 
Kf d ° d {X)) are triples 

(M,l,E) 

consisting of even-dimensional (resp. odd-dimensional) closed smooth manifolds M with 
a given Spin c structure on the tangent bundle of M together with a continuous map i : 
M — > X and a complex vector bundle E over M. The equivalence relation on the set of 
all cycles is generated by the following three steps (see |BD1 1 for details): 

(i) Bordism. 

(ii) Direct sum and disjoint union. 

(iii) Vector bundle modification. 

Addition in Kf^° odd {X) is given by the disjoint union operation of geometric cycles. 

Baum-Douglas in [BD2| showed that the Atiyah-Singer index theorem is encoded in 
the following commutative diagram 



(3.1) 




K!™ dd (x) *r /O(W P0 

where [i is the assembly map assigning an abstract Dirac operator 

to a geometric cycle (M, t, E). 

For a paracompact Hausdorff space X with a twisting a : X — + K (Z, 3), all these 
three versions of twisted A'-homology were studied in [Wal . They are called there the 
twisted topological, analytic and geometric i-T-homologies, and denoted respectively by 
K:/o dd ( X > a )> ^ /oM (X,a) and K^ odd {X,a). Our first task in this Section is to 
review these three definitions, see [ Wa | for greater detail. 

3.1. Topological and analytic definitions of twisted if-homology. Let X be a CW 

complex (or paracompact Hausdorff space) with a twisting a : X — > K(Z,3). Let V a 
be the corresponding principal K(Z, 2)-bundle. Any base-point preserving action of a 
K (Z, 2) on a space defines an associated bundle by the standard construction. In particular, 
as a classifying space of complex line bundles, a K(Z, 2) acts on the complex If -theory 
spectrum K representing the tensor product by complex line bundles, where 

K ev =Zx BU((x), K odd = U(oc), 

Denote by "P a (K) = V a Xk(z,2) K tne bundle of based A"-theory spectra over X. There 
is a section of V a (K) = V a x k(i,2) IK defined by taking the base points of each fiber. The 
image of this section can be identified with X and we denote by Va (K) / X the quotient 
space of V a (IK) obtained by collapsing the image of this section. 
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The stable homotopy groups of V a (K) jX by definition give the topological twisted 
if -homology groups K*°J odd (X, a). (There are only two due to Bott periodicity of K.) 
Thus we have 

K^{X,a) = lim 7r 2k (r a (BU(^))/X) 

k^oc 

and 

K Tdd( x > a ) = lim7r 2 fe+i(Pa(SC/(oo))/X). 

k — >oo 

Here the direct limits are taken by the double suspension 

^n+2k('Pa(BU (oo))/X) ► 7r n+2 fc+2 (P a (S 2 ABU(oo))/X) 

and then followed by the standard map 

Kn+2k + 2(V a {S 2 A BU(oo))/X) — ^ n n+2k+2 (V a (BU(oo) A BU(oo))/X) 



*n n+2k+2 (V a (BU(w))/X) 

where b : M 2 — ► BU(oo) represents the Bott generator in K a (M. 2 ) = Z, m is the base 
point preserving map inducing the ring structure on if -theory. 

For a relative CW-complex (X, A) with a twisting a : X — > if (Z, 3), the relative 
version of topological twisted if -homology, denoted if ^^(X, A, a), is defined to be 

K*°J oM (X/A, a) where X/A is the quotient space of X obtained by collapsing A to a 
point. Then we have the following exact sequence 

K£g(X, A; a) K^(A, a\ A ) K%»(X, a) 



a) - Kl°/ d (A, a\ A ) - Kg>(X, A; a) 

and the excision properties 

Kl:U^ X , B; a) - K^ oM {A, A B: a\ A ) 

for any CW-triad (X; A, B) with a twisting a : X -> if (Z, 3). A triple (X; A, B) is A 
CW-triad if X is a CW-complex, and A, B are two subcomplexes of X such that A U B = 
X. 

For the analytic twisted if -homology, recall that V a {K.) is the associated bundle of 
compact operators on X. Analytic twisted if -homology, denoted by K^ odd (X, a), is 
defined to be 

K™/om(X^) := KK^ oM (C (X,V a (JC)),C), 
Kasparov's Z 2 -graded if -homology of the C* -algebra Cq(X, VaiJC)). 

For a relative CW-complex (X, A) with a twisting a : X — > if(Z,3), the relative 
version of analytic twisted if -homology K*^ odd (X, A, a) is defined to be K*™ odd (X — 
A, a). Then we have the following exact sequence 

K%d(X> 4 a) K£(A, a\ A ) K%{X, a) 

K^ d (X, a) < if- (A, a\ A ) - K£{X, A; a) 



12 



ALAN L. CAREY AND BAI-LING WANG 



and the excision properties 

K:, odd {X, B; a) - K™ /odd (A, A - B; a\ A ) 
for any CW-triad (X; A, B) with a twisting a : X — > K(Z, 3). 

THEOREM 3.1. (Theorem 5.1 in BWal ) There is a natural isomorphism 

/or any smooth manifold X with a twisting a : X — > if(Z, 3). 

The proof of this theorem requires Poincare duality between twisted A'-theory and 
twisted if -homology (we describe this duality in the next theorem), and the isomorphism 
(Theorem l2.21 i between topological twisted A-theory and analytic twisted if-theory. 

Fix an isomorphism H ® 7i = H which induces a group homomorphism U(H) x 
U(H) — > U(H) whose restriction to the center is the group multiplication on U(l). So 
we have a group homomorphism 

PU{H) x PU{H) — > PU{H) 

which defines a continuous map, denoted to*, of CW-complexes 

BPU(H) x BPU{H) — > BPU(H). 

As BPU(TL) is identified as if (Z, 3), we may think of this as a continuous map taking 
K(Z, 3) x If (Z, 3) to K(Z, 3), which can be used to define a + ox- 

There are natural isomorphisms from twisted If -homology (topological resp. analytic) 
to twisted if-theory (topological resp. analytic) of a smooth manifold X where the twisting 
is shifted by 

a i— > a + ox 

where r : X — > BSO is the classifying map of the stable tangent space and a+ox denotes 
the map X -> K (Z, 3), representing the class [a] + W 3 (X) in H 3 (X, Z). 

THEOREM 3.2. Let X be a smooth manifold with a twisting a : X — > K(Z, 3). There 
exist isomorphisms 

^J odd (X,a)^Kr o i odd (X,a + ox) 

and 

K™ /odd (X, a) = KZ /odd (X, a + ox) 
with the degree shifted by dim X (mod 2). 

Analytic Poincare duality was established in | EEK | and [ Tu | , and topological Poincare 
duality was established in [Wa|. Theorem 13. II and the exact sequences for a pair (X, A) 
imply the following corollary. 

COROLLARY 3.3. There is a natural isomorphism 

$ : K tvJo dd (X,A a) — K£ /oM (X,A,a) 

for any smooth manifold X with a twisting a : X — > K(Z, 3) and a closed submanifold 
Ac X. 

Remark 3.4. In fact, Poincare duality as in Theorem 13.21 holds for any compact 
Riemannian manifold W with boundary dW and a twisting a : W — > if(Z, 3). This 
duality takes the following form 

<UM a) = KZl° dd (W, 8W, a + o w ) 
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and 



ev / odd V 



i(W, a) £* KZl° dd {X, dX, a + o w ) 
with the degree shifted by dim W(mod 2). From this, we have a natural isomorphism 

(ESQ) 

$ : K l° v /odd( X > 4 «) — C/^dW 4 «) 
for any CW pair (X, A) with a twisting a : X — » if (Z, 3) using the Five Lemma. 



3.2. Geometric cycles and geometric twisted -homology. Let X be a paracom- 
pact Hausdorff space and let a : X — > K(Z, 3) be a twisting over X. 

Definition 3.5. Given a smooth oriented manifold M with a classifying map v of 
its stable normal bundle then we say that M is an a-twisted Spin c manifold over X if M 
is equipped with an a-twisted Spin structure, that means, a continuous map i:M->X 
such that the following diagram 



M ■ 



BSC- 

' w 3 



X ■ 



-TK(Z,3), 

commutes up to a fixed homotopy r\ from W3 o v and a o t. Such an a-twisted Spin 
manifold over X will be denoted by (M, u, 1, if). 

PROPOSITION 3.6. M admits an a-twisted Spin c structure if and only if there is a 
continuous map 1 : M — > X such that 

L*([a]) + W 3 (M) = 0. 

If l is an embedding, this is the anomaly cancellation condition obtained by Freed and 
Witten in IFreWItl. 



Proof. This is clear. 



□ 



A morphism between a-twisted Spin manifolds (Mi, v\, ti, 771) and (M2, £2, V2) 
is a continuous map / : Mi — > A/2 where the following diagram 

(3.2) Mi 

f 




is a homotopy commutative diagram such that 

(1) vi is homotopic to vi ° / through a continuous map f : Mi x [0, 1] — > BSO; 

(2) t2 / is homotopic to ti through continuous map t : Mi x [0, 1] — ► X; 

(3) the composition of homotopies (a o t) * (772 ° (f x Id)) * (W3 o 1/) is homotopic 
to 771. 

Two a-twisted Spin manifolds (Mi, fi, £1, J71) and (M2, ^2, ^2, ^2) are called isomorphic 
if there exists a diffeomorphism / : Mi — > M2 such that the above holds. If the identity 
map on M induces an isomorphism between (M, fi, ti, 771) and (M, ^2, ^2, then these 
two a-twisted Spin structures are called equivalent. 
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Orientation reversal in the Grassmannian model defines an involution 

r : BSO — ► BSO. 

Choose a good cover {Vi} of M and hence a trivialisation of the universal bundle over 
BSO(n) with transition functions 

9ij : Vi n Vj — » SO(n). 

Let (jij : Vi ("1 Vj — ► Spin c (n) be a lifting of gij. Then {cyfc}, obtained from 

9ij9jk — Cijk9ikj 

defines [W3] € H 3 (BSO, Z). Let h be the diagonal matrix with the first (n — 1) diagonal 
entries 1 and the last entry —1. Then {hgijh^ 1 } are the transition functions for the univer- 
sal bundle over BSO(n) with the opposite orientation. Note that {hc/ijh^ 1 } is a lifting of 
{hgijh- 1 }, which leaves {c ijk } unchanged. We have [W 3 ] = [W 3 o r] E iJ 3 (BSO,Z). 
Hence there is a homotopy connecting W3 and W3 o r. (It is unique up to homotopy as 
i? 2 (BSO, Z) = 0). Given an a-twisted Spin manifold (M, v, l, 77), let -M be the same 
manifold with the orientation reversed. Then the homotopy commutative diagram 

M V -^ BSO — r -+ BSO 

v o 

1 o 



determines a unique equivalence class of a-twisted Spin structure on — M, called the 
opposite a-twisted Spin c structure, simply denoted by — (M, v, 1, 77). 

Definition 3.7. A geometric cycle for (X, a) is a quintuple (M, l, v, 77, [E]) where 
[E] is a K-class in K° (M) and M is a smooth closed manifold equipped with an a-twisted 
Spin c structure (M, t, z/, 77). 

Two geometric cycles (Mi, ii, ^1, 771, [£a]) and (M 2 , 1,2 ^2, ??2, [£-2]) are isomorphic 
if there is an isomorphism / : (Mi , n , fi , r/i ) — > (M2, z-2, ^2, ^2), as a-twisted Spin 
manifolds over X, such that f\([Ei]) = [E 2 ]- 

Let T(X, a) be the collection of all geometric cycles for (X, a). We now impose an 
equivalence relation <~ on T(X, a), generated by the following three elementary relations: 

(1) Direct sum - disjoint union 

If (M, l, v, 77, [Ei]) and (M, 1, v, 77, [E 2 ]) are two geometric cycles with the same 
a-twisted Spin structure, then 

(M, i, v, 77, [Si]) U (M, t, v, 77, [E 2 ]) ~ (M, 6, i/, 77, [Si] + [£ 2 ]). 

(2) Bordism 

Given two geometric cycles (Mi, n, v\, n\, [E{\) and (M 2 , t 2 , ^2, f?2, [-E2]), if 
there exists a a-twisted Spin manifold (W, 1, v, 77) and [E] e K°(W) such that 

d{W,L,v,n) = -(Mi,Li,vi,ni) U (M 2 ,i2,v2,m) 

and d([-E]) = [Ei\ U [£ 2 ]- Here -(Mi, n, ni) denotes the manifold Mi with 
the opposite a-twisted Spin structure. 
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(3) Spin c vector bundle modification 

Suppose we are given a geometric cycle (M, t, v, 77, [2?]) and a Spin c vector 
bundle V over M with even dimensional fibers. Denote by R the trivial rank one 
real vector bundle. Choose a Riemannian metric on V © R, let 

M = S(V 8 K) 

be the sphere bundle of V ® R. Then the vertical tangent bundle T V (M) of 
M admits a natural Spin c structure with an associated Z2 -graded spinor bundle 
Sy © Sy . Denote by p : M — > M the projection which is K-oriented. Then 

(M,L,U,TI, [E]) ~ (M,Lop,pop,T]Op, [p*E®S+]). 

Definition 3.8. Denote by Kf eo (X 1 a) = F(X,a)/ ~ the geometric twisted 2T- 
homology. Addition is given by disjoint union - direct sum relation. Note that the equiva- 
lence relation ~ preserves the parity of the dimension of the underlying a-twisted Spin c 
manifold. Let K^ eo (X, a) (resp. A"f eo (X, a) ) the subgroup of Kf eo (X, a) determined 
by all geometric cycles with even (resp. odd) dimensional a-twisted Spin c manifolds. 

Remark 3.9. (1) If M, in a geometric cycle (M, 1, v, rj, [E]) for (A", a), is a 
compact manifold with boundary, then [E] has to be a class in K°(M, dM). 

(2) If / : X — > Y is a continuous map and a : Y — > K(Z, 3) is a twisting, then 
there is a natural homomorphism of abelian groups 

/* : K^ odd (X, a o /) _» Kf;; odd (F, a) 

sending [M, l,i/,t],E] to [M, / o t, j/, 77, 25]. 

(3) Let A be a closed subspace of X, and a be a twisting on X. A relative geometric 
cycle for (X, A; a) is a quintuple (M, 6, ^, 77, such that 

(a) M is a smooth manifold (possibly with boundary), equipped with an a- 
twisted Spin structure (M, 1, v, 77); 

(b) if M has a non-empty boundary, then i(dM) C ^4; 

(c) [25] is a K-class in if °(Af) represented by a Z2 -graded vector bundle _E over 
M, or a continuous map M — > i3J7 (00). 

The relation ~ generated by disjoint union - direct sum, bordism and Spin vector 
bundle modification is an equivalence relation. The collection of relative geometric cycles, 
modulo the equivalence relation is denoted by 

K ee ° .,(X,A:a). 

There exists a natural homomorphism, called the assembly map 

^■■K^ odd (X,a)^K^ /odd (X 7 a) 

whose definition (which we will now explain) requires a careful study of geometric cycles. 

Given a geometric cycle (M, l, v, 77, [E]), equip M with a Riemannian metric. Denote 
by Cliff (TM) the bundle of complex Clifford algebras of TM over M. The algebra of 
sections, C(M, Cliff (TM)), is Morita equivalent to C(M, r*BSpin c (/C)). Hence, we 
have a canonical isomorphism 

K™/ odd (M, W 3 or)= KK™/° dd (C(M, Cliff (A/)), C) 

with the degree shift by dim M (mod 2). Applying Kasparov's Poincare duality (Cf. 
llKii2l ) 

KK ev /° dd (C, C(M)) S KK ev l° dd (C(M, Cliff (A/)), C), 
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we obtain a canonical isomorphism 

PD:K°(M)=K™ /odd (M,o M ), 
with the degree shift by dim M(mod 2). The fundamental class [M] 6 Kev/odd(M, om) 
is the Poincare dual of the unit element in K°(M). Note that [M] £ K™(M, o M )) if M 
is even dimensional and [M] £ K* dd (M, om) if M is odd dimensional. The cap product 

n : K™ /odd (M, o M ) ® K°(M) — K™ /odd (M, o M ) 

is defined by the Kasparov product. We remark that Poincare duality is given by the cap 
product of the fundamental if -homology class [M] 

[M]n:K°(M)^K™ /odd (M,o M ). 

Choose an embedding ik : M — ^ M" +fe and take the resulting normal bundle vm- The 
natural isomorphism 

TM © v M © = l" +fe © v M 
and the canonical Spin c structure on vm © vm define a canonical homotopy between the 
orientation twisting om of TM and the orientation twisting o„ M of fjvf. This canonical 
homotopy defines an isomorphism 

(3-3) h : K™ /odd (M, o AI ) = K™ /odd (M, o„ M ). 

Given an a-twisted Spin c manifold (M, u, t, rj) over X, the homotopy rj induces an 
isomorphism i^*BSpin c = b*V a as principal A"(Z, 2)-bundles on M. Hence there is an 
isomorphism 

^*BSpin c (/C) J ^ L*V a {JC) 

as bundles of C*-algebras on M. This isomorphism determines a canonical isomorphism 
between the corresponding continuous trace C* -algebras 

C(M, !/BSpin c (JQ) s C(M, L*V a {K)). 

Hence, we have a canonical isomorphism 

(3.4) ^ : K™ /odd (M, o VM ) = K™ /odd (M, act). 

Now we can define the assembly map as 

H(M, i, v, r), [E]) = t* o 77* o J,([M] n [A]) 
in K^ odd (X, a). Here t* is the natural push-forward map in analytic twisted if -homology. 

THEOREM 3.10. (Theorem 6.4 in HWal ) 77z<? assembly map \i : Kf°° odd (X,a) — > 
Ke™/ odd (X, a) is an isomorphism for any smooth manifold X with a twisting a : X — > 
if (Z, 3). 

The proof follows by establishing the existence of a natural map ^ : if *° p (X, a) — » 
K^ eo (X, a) such that the following diagram 




commutes. All the maps in the diagram are isomorphisms. 
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Remark 3.11. This theorem is generalised in [BW] to the case of any CW pair 
(X, A). That is, it is shown that the equivalence between the geometric twisted A-homology 
and the analytic twisted A-theory holds in this more general situation. 

COROLLARY 3.12. A an , ,JX,a) = A an , ,,(X, -a). 

ev/odd^ ' > ev/odd^ 1 / 



PROOF. By the Brown representation theorem ([Swi]), there is a continuous map i : 
A(Z, 3) -> A (Z, 3) (unique up to homotopy as iJ 2 (A(Z, 3), Z) = 0) such that 

[ioa] = -[a] e H 3 (X,Z) 

for any map a : X — > AT(Z, 3). Then we have 

[ioW 3 ] = -[W 3 ] e H 3 (BSO,Z). 

As [W3] is 2-torsion, we know that [i o W3] = — [W3] = [W3]. Therefore, there is a homo- 
topy 7/0 connecting ioW^ and W3, that is, the following diagram is homotopy commutative 



BSO 



K{Z,3) 




K(Z,3). 



Note that the homotopy class of t)q as a homotopy connecting W3 and i o W3 is unique due 
to the fact that H 2 (BSO, Z) = 0. 

Given an a-twisted Spin manifold (M, t, ^, 77), then the following homotopy com- 
mutative diagram 




K(Z,3) 



defines a unique (due to H 2 (BSO,Z) = 0) equivalence class of (— a)-twisted Spin c 
structures. Here —a = ioa. We denote by i(M, 1, v, rj) this (— a)-twisted Spin manifold. 
Obviously, 

i(i(M,i,v,n)) = (M,L,u,rj). 
The isomorphism K^, odd (X, a) = K^, odd (X, —a) is induced by the involution i on 



geometric cycles. 



□ 



4. The Chern character in twisted A' -theory 

In this Section, we will review the Chern character map in twisted A-theory on smooth 
manifolds developed in [CMW] using gerbe connections and curvings. For the topolog- 
ical and analytic definitions, see [AS2| and |MatSte| respectively. Recently, Gomi and 
Terashima in | GoTe | gave another construction of a Chern character for twisted A-theory 
using a notion of connection on a finite-dimensional approximation of a twisted family of 
Fredholm operators developed by Gomi (|Gomi|. 
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4.1. Twisted Chern character. For a fibration tt* : Y — > X, let denote the pth 
fibered product. There are projection maps 7Tj : Y^ — > y^ -1 ! which omit the ith element 
for each i = 1 . . . p. These define a map 

(4.1) 6-. o^yb-i]) n 9 (y^) 

by 

(4.2) £(u,) = £(-l)X*(u/). 

i=l 

Clearly i5 2 = 0. In fact, the <5-cohomology of this complex vanishes identically, hence, the 
sequence 

o — *~ n q (x) qi{y) 5 -+ ni(Y&-^) r2«(yW) — * — 

is exact. 

Returning now to our particular example, a bundle gerbe connection on V a is a unitary 
connection 9 on the principal U (l)-bundle Q a over "Pi which commutes with the bundle 
gerbe product. A bundle gerbe connection 9 has curvature 

F e G ^ 2 (^I 2] ) 

satisfying ^(i 7 ^) = 0. There exists a two-form u> on such that 

F e = tt^uj) - 7rJ(w). 

Such an w is called a curving for the gerbe connection 9. The choice of a curving is not 
unique, the ambiguity in the choice is precisely the addition of the pull-back to V a of a 
two-form on X. Given a choice of curving u, there is a unique closed three-form on (3 on 
X satisfying duj — 7r*/3. We denote by 

the lifting bundle gerbe Q a with the connection 9 and a curving u>. Moreover H = — — 

2n\/—l 

is a de Rham representative for the Dixmier-Douady class [a]. We shall call a the differ- 
ential twisting, as it is the twisting in differential twisted if -theory (Cf. [CMW]). 
The following theorem is established in |CMW|. 

THEOREM 4.1. Let X be a smooth manifold, 7r : V a — > X be a principal PU{TL) 

bundle over X whose classifying map is given by a : X > K(Z, 3). Let a — (G a , 9, oj) 

be a bundle gerbe connection 9 and a curving oj on the lifting bundle gerbe Q a . There is a 
well-defined twisted Chern character 

Ch & : K*(X, a) — ► H ev/odd^ x ^ d-H). 

Here the groups H ev / odd {X, d — H) are the twisted cohomology groups of the complex of 
differential forms on X with the coboundary operator given by d — H. The twisted Chern 
character is functorial under the pull-back. Moreover, given another differential twisting 
a + b — (Q a , 6, oj + 7T*6) for a 2-form b on X, 

Ch &+b = Ch & ■ exp( b / —= )- 
27rv — 1 
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Proof. Choose a good open cover {Vi} of X such that V a — ► X has trivializing 
sections fa over each Vi with transition functions gij : V, D Vj — > PU(H) satisfying 
<Aj = <tej- Define {cr ijfe } by = ffikcry* for a lift of 5^ to g. tj : Vi D Vj -> U (H). 

Note that the pair [(pi, <pj) defines a section of V a over Vi (1 Vj. The connection 6 can 
be pulled back by (fa, 0j) to define a 1-form on Vi n V,- and the curving w can be 
pulled-back by the fa to define two-forms Bi on V^. Then the differential twisting defines 
the triple 

(4.3) {:«,,,. A,,. 

which is a degree two smooth Deligne cocycle. Now we explain in some detail the twisted 
Chern characters in both the odd and even case following |CMW|. 

The even case: As a model for the K° classifying space, we choose Fred, the space 
of bounded self-adjoint Fredholm operators with essential spectrum {±1} and otherwise 
discrete spectra, with a grading operator V which anticommutes with the given family of 
Fredholm operators. 

A twisted K-class in K°(X,a) can be represented by / : V a — > Fred, a PU(TL)- 
equivariant family of Fredholm operators. We can select an open cover {Vi] of X such 
that on each Vi there is a local section fa : Vi — ► V a and for each i the Fredholm operators 
f(fa(x)), x € Vi have a gap in the spectrum at both ±A,; 7^ 0. Then over Vi we have a 
finite rank vector bundle Ei defined by the spectral projections of the operators f(fa(x)) 
corresponding to the interval [— A j , A] . 

Passing to a finer cover {Ui} if necessary, we may assume that Ei is a trivial vector 
bundle over Ui of rank Ui- Choosing a trivialization of Ei gives a Z2 graded parametrix 
qi (an inverse up to finite rank operators) of the family / o fa. In the index zero sector the 
operator qi( x) _1 is defined as the direct sum of the restriction of f(fa(x)) to the orthogonal 
complement of Ei in TL and an isomorphism between the vector bundles Ef and E^ . 
Clearly then f(fa(x))qi(x) = 1 modulo rank rii operators. In the case of nonzero index 
one defines a parametrix as a graded invertible operator qi such that f(fa(x))qi(x) = s n 
modulo finite rank operators, with s n a fixed Fredholm operator of index n equal to the 
index of f(fa(x)). 

On the overlap Uij we have a pair of parametrices qi and qj of families of / o fa and 
/ o fa respectively. These are related by an invertible operator which is of the form 1+ 
a finite rank operator, 

9ijQj(x)g^ = qi(x)fij(x). 
The conjugation on the left hand side by comes from the equivariance relation 

f(fa(x)) = f{fa{x)gij{x)) = gijix)" 1 f{fa{x))g ij [x). 

The system {/y} does not quite satisfy the Cech cocycle relation needed to define a 
principal bundle, because of the different local sections fa : Ui — > V a involved. Instead, 
we have on Uijk 

Using the relation gjkg~k = Vijkg^j 1 , we get 

gjk{9ik iifakgik)gjk = gi^iifikgij 

multiplying the last equation from right by g^ 1 and from the left by q^ 1 ;)^ one gets the 
twisted cocycle relation 

fijiSlij fjk9ij ) = fiki 
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which is independent of the choice of the lifting gij. For simplicity, we will just write the 
above twisted cocycle relation as 

(4-4) /;.>.'/,,' I = fik- 

This twisted cocycle relation (14.4b actually defines an untwisted cocycle relation for 
{(gij, fij)} in the twisted product 

= PU(H) x GL(oo), 

where the group PU(TL) acts on the group Gi(oo) of invertible 1+ finite rank operators 
by conjugation. Thus the product in <3 is given by 

(9,f)-(g'J') = (99'J(9f'g- 1 ))- 

The cocycle relation for the pairs { (g^ , fij ) } then encodes both the cocycle relation for the 
transition functions {g^} of the PU(7i) bundle over X and the twisted cocycle relation 
(14.41 . In summary, this cocycle {(gij, fij)} defines a principal bundle over X. 

The classifying space B<& is a fiber bundle over K(Z, 3). The fiber at each point in 
K(1, 3) is homeomorphic (but not canonically so) to the space Fred of graded Fredholm 
operators; to set up the isomorphism one needs a choice of element in each fiber. Given 
a principal PU(H) -bundle V a over X defined by a : X —> K(Z, 3), the even twisted 
if -theory K°(X, V a ) is the set of homotopy classes of maps X — ► B® covering the map 
a. 

Next we construct the twisted Chern character from a connection V on a principal 
bundle over X associated to the cocycle {(gij, fij)}- Locally, on a good open cover {Ui} 
of X we can lift the connection to a connection taking values in the Lie algebra g of the 
central extension U(H) x GL(oo) of 0. Denote by Fy the curvature of this connection. 
On the overlaps {Uij} the curvature satisfies a twisted relation 

Fv,j = Ad {gijJij) -iF Vji + 9* 3 c, 

where c is the curvature of the canonical connection 6 on the principal U (l)-bundle U(H) — 
PU(H). 

Since the Lie algebra u(oo) © C is an ideal in the Lie algebra of U(TC) x GL(oo), 
the projection Fy i of the curvature Fy,; onto this subalgebra transforms in the same way 
as F under change of local trivialization. It follows that for a PJ7(7i)-equivariant map 
/ :V a —> Fred, we can define a twisted Chern character form of / as 

(4.5) ch & (f.y)=e B ^e F v,J 2 *\ 

over Vi. Here the trace is well-defined on gl(oo) and on the center C it is defined as the 
coefficient of the unit operator. Note that ch & (f,V) is globally defined and (d— ii)-closed 

(d-H)ch & (f,W) = Q, 
and depends on the differential twisting 

& = (g a ,6,uj). 

Let fo and f\ be homo topic, and Vo and Vi be two connections on the principal bundle 
over X, we have a Chern-Simons type form 

CSK/o.VoM/i.V!)), 
well-defined modulo (d — H)-exact forms, such that 

(4.6) cM/i^VO-cM/cbVo) = (d--ff)C£((/o,Vo),(A,Vi)). 
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The proof follows directly from the local computation using ( 14.51 ). Hence, the (d — H)- 
cohomology class of ch&{f, V) does not depend choices of a connection V on the principal 
© bundle over X, and depends only on the homotopy class of /. We denote the (d — H)- 
cohomology class of ch&{f, V) by Ch&([fi]) which is a natural homomorphism 

Ch & : K°(X,a) — > H ev (X,d-H). 

From (14.51 >. we have 

Ch &+ b = Ch & ■ exp(— %==). 

2/K\J — 1 

for a differential twisting a + b = (Q a , 9, to + n*b). 

The odd case: The odd case is a little easier. First, as a model for the A 1 classifying 
space, we choose U (oo) = Hm^ U(n), the stabilized unitary group. Let 6 be the universal 
odd character form on U (oo) defined by the canonical left invariant u(oo)-valued form on 
[/(oo). 

Let H = H+ © Ti- be a polarized Hilbert space and let U res — U res (H) denotes the 
group of unitary operators in H with Hilbert-Schmidt off-diagonal blocks. The conjugation 
action of U(H+) x U(H-) on U res defines an action of PU (H) = P(U(H+) x U{H-)) 
on U res . Note that the classifying space of U res is U (oo). 

Define 

f) = PU Q {H) X Ures- 

Then given a principal P[/o(7i)-bundle V a over X defined by a : X — » K(Z, 3), the odd 
twisted A'-theory K X (X, a) is the set of homotopy classes of maps X — » Bfy covering 
the map a. These are represented by P[/o(7i)-equivariant maps / : V a — > U (oo). With 
respect to trivializing sections fa over each Vi. Then 

e B '(fofa)*Q 

is a globally defined and (d — i/)-closed differential form on X. This defines the odd 
version of the twisted Chern character 

Ch & : K 1 (X, a) — > H odd (X, d-H). 

□ 

4.2. Differential twisted X-theory. Recall that the Bockstein exact sequence in com- 
plex A"-theory for any finite CW complex: 

(4.7) K°(X) C -^H™(X,R) *K° /Z {X) 



K/z( X ) H° dd (X,R) ^ K\X) 

where K^^{X) is A-theory with M/Z-coefficients as in [Karfl and MBal . 

Analogously, in twisted A-theory, given a smooth manifold X with a twisting a : 
X — > A(Z, 3), upon a choice of a differential twisting 
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lifting a, we have the corresponding Bockstein exact sequence in twisted if -theory 



(4.8) K o {X:a) ±H±^ H ev {x d _ H) *K° /x (X,a) . 



K l/z( X > a ) H odd (X, d-H) K 1 (X, a) 

Here K^, Z (X, a) and K^, Z (X, a) are subgroups of differential twisted if -theory, respec- 
tively K°(X, a) and if 1 (X, a) (see BCMW1 for the detailed construction). Here we give 
another equivalent construction of differential twisted K -theory. 

Fix a choice of a connection V on a principal bundle over X. Then K°(X, a) is 
the abelian group generated by pairs 

{(/,*?)}, 

modulo an equivalence relation, where / :V a — > Fred is a PU (?i)-equivariant map and 
rj is an odd differential form modulo (d — ii)-exact forms. Two pairs (Jo, Vo) an d ifi,Vi) 
are called equivalent if and only if 

m - m = cs((f u v),(f .y)). 

The differential Chern character form of / is given by 

ch & {f,V)-{d-H)r, 

which defines a homomorphism 

ch a :K°(X,a) — ► fig" (X,d-H), 

where nf?{X, d-H) is the image of ch & : K°(X, a) -> n et, (X). The kernel of c/i,i is 
isomorphic to K^„(X, a). 

Similarly, we define the odd differential twisted if -theory K (X, a) with the differ- 
ential Chern character form homomorphism 

ch & : K\X, a) — > flf d {X, d - H). 

The kernel of ch & is isomorphic to K^ Z (X, a). The following commutative diagrams 
were established in [CMW] relating differential twisted if -theory with twisted If -theory 
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and with the diagram d4.81 > 





H° dd (X, d-H) K/z( X > a) 



K°(X,a) -> 

Ch» 

H ev (X,d-H) 


and 



H™(X, d-H) K/z( X , &) 



K^X^a) -> 
H odd (X,d- H) 





with exact horizontal and vertial sequences, and exact upper-right and exact lower-left 4- 
term sequences. We expect that these two commutative diagrams uniquely characterize 
differential twisted if -theory. 

4.3. Twisted Chern character for torsion twistings. In this paper, we will only use 
the twisted Chern character for a torsion twisting and in this case we will give an explicit 
construction. Let E be a real oriented vector bundle of rank 2k over X with its orientation 
twisting denoted by 

o(E) : X -> K(Z,3). 

The associated lifting bundle G (E) nas a canonical reduction to the Spin c bundle gerbe 

Gw 3 (E)- 

Choose a local trivialization of E over a good open cover {Vi} of X. Then the transi- 
tion functions 

9ii ■ ViHVj — ■* 50(2*). 



n odd (x) 

tt° dd (X,d-H) 



d-H 



K°(X, &) 



Q% v (X,d-H) 



n ev {x) 

fl e v (X,d- H) 




■KHX, a) 



nz dd (x,d-H) 
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define an element in H 1 (X, SO(2k)) whose image under the Bockstein exact sequence 

H 1 (X, Spin(2k) ) -> H\X, SO(2k) ) -> H 2 {X, Z 2 ) 
is the second Stieffel-Whitney class W2(E) of £. Denote the differential twisting by 

M E ) = (5w 3 ( E) ,e,o), 

the Spin bundle gerbe Gw 3 (E) with a flat connection and a trivial curving. With re- 
spect to a good cover {V,} of X the differential twisting W2(E) defines a Deligne cocy- 
cle {(<Xijk,0, 0)} with trivial local i?-fields, here a>ijk — (jijgjk9ki where g^ : Uij — > 
Spin c (2n) is a lift of <?y. 

By Proposition ^. 41 a twisted K-class in if (X, o(E)) can be represented by a Clifford 
bundle, denoted £. Equip £ with a Clifford connection, and E with a 50(2fc)-connection. 
Locally, over each Vi we let £\vi — Si ® £i where Si is the local fundamental spinor 
bundle associated to E\v t with the standard Clifford action of ClifF(_E|y i ) obtained from 
the fundamental representation of Spin(2k). Then £i is a complex vector bundle over Vi 
with a connection V* such that on Vi f) Vj 

Ch{£ i ,V i ) = Ch{£ h V j ). 

Hence, the twisted Chern character 

Ch^ {E) :K°(X,o(E)) ^H™(X) 

is given by [£] i— > {[ch(£i, Vi)] = c/i(fi)}. The proof of the following proposition is 
straightforward. 

PROPOSITION 4.2. 77ze twisted Chern character satisfies the following identities 

(1) C7l 1 s 2 (.Eiffl,E2)([£L © fa]) = C^ti)2(-Ei)([fl]) + Ch w 2 (E 2 ){{£2\). 

(2) C/l lD2 (E 1 (g|£; 2 )([fi (8) £ 2 ]) = C'ft. ti)2 ( £ ; 1 )([fi])C , /l lI , 2 ( B2 )([f2])- 

In the case that E has a Spin c structure whose determinant line bundle is L, there is a 
canonical isomorphism 

K°(X) — ► K°(X,o(E)), 
given by [V] [V ® Se] where Se is the associated spinor bundle of E. Then we have 

Ch lh2{E) (lV®S E }) = e 51 ¥ 1 ch(lV}), 

where c/i([V]) is the ordinary Chern character of [V] £ K°(X). 

In particular, when X is an even dimensional Riemannian manifold, and TX is equipped 
with the Levi-Civita connection, under the identification of K° (X,o(E)) with the Grothendieck 
group of Clifford modules. Then 

(4.9) Ch lb2(x) ([£})=ch(£/S) 



where ch(£/S) is the relative Chern character of the Clifford module £ constructed in 
Section 4.1 of llBGVl . 
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5. Thom classes and Riemann-Roch formula in twisted if -theory 

5.1. The Thom class. Given any oriented real vector bundle it : E — > A of rank 2k, 
E admits a Spin c structure if its classifying map r : A — > BSO(2k) admits a lift f 

BSpin c 

f / 

X- i- BSO(2fc). 

As BSpin c — » BSO(2k) is a £[/(l)-principal bundle with the classifying map given by 

W 3 : BSO(2fc) -» AT(Z,3), 

£ admits a 5pin c structure if W 3 o r : X — > A (Z, 3) is null homotopic, and a choice of 
null homotopy determines a Spin c structure on E. Associated to a Spin c structure s on 
E, there is canonical if -theoretical Thom class 

U% = [n*S+,n*S-,cl] G K° CV (E) 

in the if -theory of E with vertical compact supports. Here S + and S 1- are the positive and 
negative spinor bundle over X defined by the Spin c structure on E, and cl is the bundle 
map tt*S + — ► 7r*5 _ given by the Clifford action E on 5 ,± . 

Remark 5.1. (1) The restriction of U% to each fiber is a generator of K°(R 2k ), 
so a Spin c structure on E is equivalent to a K-orientation on E. Note that Thom 
classes and K-orientation are functorial under pull-backs of Spin c vector bun- 
dles. 

(2) Let s ® L be another Spin c structure on E which differs from s by a complex 
line bundle p : L — > AT, then 

tff.' = tf| ■?*([£]). 

(3) Let (£1 , Si ) and (£"2 , S2) be two Spin c vector bundles over X, p\ and p 2 be the 
projections from E\ ® £ 2 to £1 and £ 2 respectively, then 

u* E \%% =p*i(u s e \) -P^ug) e ^(£1 e£ 2 ). 

(4) The Thom isomorphism in AT-theory for a Spin vector bundle it : E — > A of 
rank 2fc is given by 

$f : A°(A) — » A°(£) 
a 1 ^ 7r*(a)t7|;. 

Here for locally compact spaces, we shall consider only A-theory with compact 
supports. When A is compact, U% € A°(TA) and the Thom isomorphism $^ 
is the inverse of the push-forward map 

TP : A°(TA) -» A°(A) 

associated to the K-orientation of 7r defined the Spin c structure on £. 

If an oriented vector bundle £ of even rank over A does not admit a Spin structure, 
W3 o r : A — > A(Z, 3) is not null homotopic. Thus, W3 o r defines a twisting on A 
for A-theory, called the orientation twisting oe- In this Section we will define a canonical 
Thom class 

U E G A°(£,7r*o B ) 
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such that a i— > Tr*(a) U Ue defines the Thom isomorphism K°(X, oe) — K°(E). In fact, 
a i— ► 7r*(a) U Ue defines the Thom isomorphism (Cf. HCW1I ) 

K°(X, a + o E ) = K°(E, a on) 

for any twisting a : X — > K(Z, 3). 

Choose a good open cover {Vi} of X such that 2% = E\v t is trivialized by an isomor- 
phism 

Ei = V t x R 2n . 

This defines a canonical Spin c structure Si on each Ei. Denote by U E \ the associated 
Thom class of (£j,s,). Then we have 

U%=U^* j ([L ij ])GK cv (E ij ) 

where iy is the difference line bundle over Vij — Vi n Vj defined by Sj — Si ® -Ly- 
on -Ey = 2?|vy. Recall that these local line bundles {L^} define a bundle gerbe IMurl 
associated to the twisting oe = W3 or : I -> K(Z,3) and a locally trivializing cover 
{Vi} . By the definition of twisted K -theory, {U^.} defines a twisted X-theory class of E 
with compact vertical supports and twisting given by 

tt*(oe) = oe 7T : E — > if (Z, 3). 
We denote this canonical twisted X-theory class by 

U E eK° v (E,TT*(o E )). 

When X is compact, then Ue € K°(E, w*(o E )). One can easily show that the Thom class 
Ue does not depend on the choice of the trivializing cover. 

Now we can list the properties of the Thom class in twisted X-theory. 

PROPOSITION 5.2. (1) If E is equipped with a Spin c structure s, then s defines 

a canonical isomorphism 

<j> s :K cv (E,n*(o E ))^K cv (E) 

such that 4> s (Ue) = U E . 

(2) Let f : X — > Y be a continuous map and E be an oriented vector bundle of even 
rank over Y, then 

u f .E = r(u E ). 

(3) Let E\ and Ei be two oriented vector bundles of even rank over X, p\ and pi 
be the projections from E\ ® Ei to E\ and E2 respectively, that is, we have the 
diagram 




then 



U Ei (be 2 =pl(U El ) -P2(Ue 2 )- 
(4) Let 7T : E — > X be an oriented vector bundle of even rank over a compact space 
X, the Thom isomorphism in twisted K-theory f flCWlll ) 

$| : K°(X, a + o E ) = K°(E, tt») 
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is given byat-^ir* (a) • Ue- Moreover, the push-forward map in twisted K -theory 

7T! : K°{E,ir*{a)) — > K°{X,a + o E ) 
satisfies 7ri(7r*(a) • U E ) = a- 
Proof. (1) The Spin c structure s defines canonical isomorphism 

<f> s :K cv (E,n*(o E ))^K° cv (E) 

as follows. Given a trivializing cover {Vi} and the canonical Spin c structure Sj 

on Ei = E\y t , we have 

for a complex line bundle 7Tj : Li — > Vi. This implies C/|. = U E \ ir*([Li]). Note 
that Lij = Li ® L*. 

Any twisted K-class a in K % (E, tt* (oe)) is given by a local K-class a, with 
compact vertical support such that a,j — a,iir*j([Lij]), then 

awl ([Li]) = Oj7T*([ij]) 

in if^^lvi-)- This defines the homomorphism 0, which is obviously an iso- 
morphism sending U E to U E . 

(2) Choose a good open cover {Vi} of Y. By definition, the Thorn class Ue is 
defined by {U E . } with 

E/%=C^7T?.([Ltf]). 

Then is an open cover of X, and (/*J5)|^-i(yj) = is trivialized 

with the canonical Spin c structure f*Si, thus 

/*£> ~~ J Ei' 

This gives Uf. E = f*(U E ). 

(3) The proof is similar to the proof of (2). 

(4) From ( 1CW1ID . we know that the Thom isomorphism and the push-forward map 
in twisted X-theory are both homomorphisms of K (X, a)-modules. There ex- 
ists an oriented real vector bundle F of even rank such that 

E © F = X x R 2m 

for some m e N. Thus, we have 

E *- X x K 2m 




p 



X 



From the construction of the push-forward map in ([ CW1 1), we see that 

tt\(Ue) =P\ ° ii(U E ) =p\(U e ®f) = 1. 

As the Thom isomorphism and the push-forward map in twisted if-theory are 
both homomorphisms of K° (X, a)-modules, we get 7n(7r*(a) ■ Ue) = a. 

Note that the Thom isomorphism is inverse to the push-forward map m, 
hence, the Thom isomorphism in twisted /^-theory 

K°(X,a + o E ) = K°(E,ir*(a)) 
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is given by a i— > it* (a) ■ Ue- 

□ 

5.2. Twisted Riemann-Roch. By an application of the Thom class and Thom iso- 
morphism in twisted if-theory, we will now give a direct proof of a special case of the 
Riemann-Roch theorem for twisted if -theory. With some notational changes, the argument 
can be applied to establish the general Riemann-Roch theorem in twisted if -theory. Denote 
by ox and o Y the orientation twistings associated to the tangent bundles irx '■ TX — > X 
and 7ry : TY — > Y respectively. 

THEOREM 5.3. Given a smooth map f : X — » Y between oriented manifolds, assume 
that dim Y — dim X = mod 2. Then the Riemann-Roch formula is given by 

Ch^ (Y) {f { K (a))A(Y) = f?(Ch MX) (a)A(X)). 

for any a <E K°(X, ox)- Here A(X) and A(Y) are the A-hat classes of X and Y respec- 
tively. 

PROOF. For simplicity, assume that both X and Y are of even dimension, say 2m and 
2n respectively, equipped with a Riemannian metric. We will consider Chern character 
defects in each of the following three squares 

(5.1) K°(X, o x ) ■%*■ K° c (TX) K° c (TY) if (Y, o Y ) 



Ch 



(d/)f 



Ch 



Ch, 



2<X) 



H ev (X) ^ Hf(TX) — Hf(TY) J > H ev (Y) 

where $L and are the Thom isomorphisms in twisted if -theory for TX and TY, 
and are the cohomology Thom isomorphisms for TX and TY. Then we have 

(1) The push-forward map in twisted if -theory as established in [CW1 1 

jf :K (X,ox)^K\Y, OY ) 

agrees with 

(^y)- 1 o (df)f o $ff x . 

(2) The push-forward map in cohomology theory fj* : H ev (X) — > H ev (Y) is given 
by 

Denote by U^ x and U^ Y me cohomological Thom classes for TX and TY. Then 
under the pull-back of the zero section, X (U" X ) = e(TX) and Y (U^ Y ) = e(TY) are 
the Euler classes for TX and TY respectively. 

Let the Pontrjagin classes of ttx ■ TX — > X be symmetric polynomials in x\ , • • • , x^„, 

then 

Xfc/2 



i(X) = J] 



sinh(xfc/2) 



fc=i 

The Chern character defect for the left square in (15. jj is given by 
(5.2) C7»(*f x (a)) = $^(C^ 2(x) (a)i- 1 (X)) 

for any a <E if°(X, ox). Here A(X) is the A-hat class of TX. 
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To prove (15.2b . note that 

(^ x )-'Ch(^ x (a)) 

= (*Tx) _1 ( C/l -i-2(x)(^(a)) ' ^4» 2 (x)(fe)) 
= (^ x r l ^ x {Ch^ [x) {a)) ■ CK^ 2(X) (U TX )) 

= C^ 2(x) ( a )(^ Jf )- 1 (C^ itI , 2(x) (C/ T x)) 

So the Chern character defect for the square 



Apply Prop. d4~2l 

Note that ($t X ) _1 = (ttx)*- 
By the projection formula. 



K°(X,o x ) 



K° C (TX) 



> 2 m 



Oh 



Hf(TX) 



H ev (X) — 
is given by 

v(x) = {^ X )-\CK MX) {U TX )) e H™(X). 

From the cohomology Thom isomorphism, we have 

O x o^ x (V(X))=V(X)e(TX), 

under the pull-back of the zero section Ox of the tangent bundle TX. 
Therefore, we have 



V(X) 



0* x (Ch 



{Utx)) 



e(TX) 



By the construction of the Thom class Utx, under the pull-back of the zero section Ox of 
TX, 0* x (U T x) is a twisted K-class in K°(X, o x ) and 

0* x Ch^* x ^ X ){UTx) 
= Ch«, 2ix) (0* x (U TX )) 
= UZ=i(e Xk/2 -e- x */ 2 ). 



Thus, d5.2| i follows from 

V(X) 



n 

fe=i 



Xk 



= A~ 1 (X). 



This implies that the following diagram commutes 



(5.3) 



K°(X,o x ) 
ch^ 2m (-)-A(x) 

H ev {X) - 



-K° C (TX) 

ch{-)-K* x A 2 {x) 
H e c v {TX). 
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Similarly, the Chern character defect in 



K°(Y,o Y ) 



Ch, 



K° C (TY) 

Ch 

,H™{TY) 



H 0V (Y) — 
is given by 

Ch(*$y(a)) = ^ Y {Ch^ {Y) {a)A- x {Y)) 

for any a E K°(Y, oy). This implies that the Chern character defect for the right square in 
(15. Il l is given by 

(5.4) CK 2{Y) {{^y)-\c)) ■ A-\Y) = {^ Y y\Ch{c)) 

for any c E K°(TY). Hence, we have the following commutative diagram 



(5.5) 



K° c {TY) { ^-K%Y,o Y ) 



Ch(-)-Tr^A 2 (Y) 



Ch^ {Y) (-)-A(Y) 



H 0V (TY) TY J - H ev (Y). 

The Chern character for the middle square in (15. U follows from the Riemann-Roch 
theorem in ordinary if-theory for the K-oriented map df : TX — > TY with the orientation 
given by canonical Spin manifolds TX and TY. Note that the Todd classes of Spin 
manifolds of TX and TY are given by ir x (A 2 (X)) and tt y (A 2 (Y)) respectively. This is 
due to two facts, that T{TX) S n* x (TX <g) C) and that Td(TX <g) C) = i 2 (X). So we 
have 

(5.6) Ch((df)f(a)) ■ n Y (A 2 (Y)) = (df)? (Ch(a)ir x (A 2 (X))) 

for any a € K®(TX). Hence, the following diagram commutes 



(5.7) 



K° C {TX) ±±L-^ K° C {TY) 



Ch{-)-K* x A 2 {X) 



Ch(-)-7r* A 2 (Y) 



H* V (TX) — H 0V (TY). 
Putting (15.3b . (15.5b and ( 15.7b together, we get the following commutative diagram 



H ev (X) - 



K°(Y,o Y ) 

ch» am (-)-A(y) 
s- H ev (Y) 



which leads to 



Ch^ (Y) (f, K (a))A(Y) = f? ~ {Ch^ {x) {a)A(X)) 



for any a E K°(X, Ox)- This completes the proof of the Riemann-Roch theorem in twisted 
if-theory. □ 
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With some notational changes, the above argument can be applied to establish the 
general Riemann-Roch theorem in twisted X-theory. Let / : X — ► Y a smooth map 
between oriented manifolds with dimF — dimX = mod 2. Let a = (Q a ,6,uj) be 
a differential twisting which lifts a : Y — > K(Z, 3), f*(a) is the pull-back differential 
twisting which lifts a o f : X ^ K(Z, 3). Then we have the following Riemann-Roch 
formula 

(5.8) Ch & (f, K (a))A(Y) = f? (Ch f , &+ib2(Y)+f ,^ (Y) (a)A(X)) 

for any a G a o / + ox + /*(oy)). In particular, we have the following Riemann- 

Roch formula for a trivial twisting a : Y — » 2f(Z, 3) 

(5.9) Ch{tf{fi))A(y) = f?(Ch MY)+f ^ 2{ Y)(a)A(X)) 

for any a e K°(X,o x + f*(o Y )). 

When / is K-oriented, and equipped with a Spin c structure whose determinant bundle 
is L, there is a canonical isomorphism 

^ :K (X) = K°(X,o x + r(o Y )) 

such that Ch^ 2{Y)+f .^ 2(Y) (^(a)) = e c ^ L 1/ 2 Ch(a) for any a G Then the 

Riemann-Roch formula ( 15.91 ) agrees with the Riemann-Roch formula for K-oriented maps 
as established in IIAH1 . 

6. The twisted index formula 

In this Section, we establish the index pairing for a closed smooth manifold with a 
twisting a 

K™/° dd (X, a) x K™ /odd (X, a)^Z 
in terms of the local index formula for twisted geometric cycles. 

THEOREM 6. 1 . Let X be a smooth closed manifold with a twisting a : X — > K(Z, 3). 
The index pairing 

K°(X, a) x K a (X, a) — > Z 

is given by 

{£,(M,t,v,t,,[E\))= f Ch* 2{M ){ri*{L*ti®E))A{M) 
Jm 

where £ G K°(X, a), and the geometric cycle (M,i,i/,rj,[E]) defines a twisted K- 
homology class on (X, a). Here 

r]*:K*(M, t*a) K*(M,o M ) 

is an isomorphism, and Ch$ 3 (Mn ' s the Chern character on K (M, Om). 

Proof. Recall that the index pairing K°(X, a) x K (X, a) — ► Z can be defined 
by the internal Kasparov product (Cf. |Kas3| and [ConSka|) 

KK(C,C(X,V a (K))) x KK{C{X,V a {K)),C) — ► KK(C, C) s Z, 

and is functorial in the sense that if / : Y — > X is a continuous map and Y is equipped 
with a twisting a : X — ► Z then 

(rb,a) = (b,f*(a)) 
for any a G K (% /*<*) and 6 G a). 



32 



ALAN L. CAREY AND BAI-LING WANG 



Note that under the assembly map, the geometric cycle (M, l, is, 77, [E]) is mapped to 
A* o r)*([M] n [£7]), for £ e A°(X, a). Hence, we have 

&(M, t) »/,»?, [A])) 

= (£ 7i *o^([M]n[£])) 

= (^(^I^JM]). 

Here T)*(l*£ ® £) G A°(M,o M ) and [M] is the fundamental class in K™(M,o M ) 
which is Poincare dual to the unit element C in K°(M). The index pairing between 

K°(M, o M ) x K™(M, o M ) can be written as 

K°(M, o M ) x K™(M, o M ) -» A°(M, o M ) x A°(M) - A°(M, o M ) -» Z 

where the first map is given by the Poincare duality Ag"(Af, om) — K°(M), the middle 
map is the action of K°(M) on A°(M, Om), and the last map is the push-forward map of 
e : M — > pt. Therefore, we have 

fa.(t*£<8>£),[M]) 

= e^(j7*(^£ «>-£))■ 
By twisted Riemann-Roch (Theorem l5.31 l. 

e!(?7*(t*£® E)) 
= f Ch* 2{M )(ri*(i<*Z®E))A(M). 

J M 

This completes the proof of the twisted index formula. □ 

Note that e : M — > pt can be written as 1 o ex '■ M — > X — > pt. Applying the 
Riemann-Roch Theorem l5.3l we can write the above index pairing as 

< (M,L,v,r), [£]),£> 
= / C/^ 2( M)M^<8£))i(M) 

where u : A°(M) — > A (A, — a + ox) is the push-forward map in twisted A'-theory, 

K°(X, a) x A (A, -a + ox) — ► A (A, ox) 
is the multiplication map ( 12.71) . and 

CVCO : A (A, ox) -^H ev (X) 

is the twisted Chern character (which agrees with the relative Chern character under the 
identification A°(A, o x ) = A°(A, W 3 (X)), the A-theory of Clifford modules on A). 
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7. Mathematical definition of D-branes and D-brane charges 

Here we give a mathematical interpretation of D-branes in Type II string theory us- 
ing the twisted geometric cycles and use the index theorem in the previous Section to 
compute charges of D-branes. In Type II superstring theory on a manifold X, a string 
worldsheet is an oriented Riemann surface S, mapped into X with <9E mapped to an ori- 
ented submanifold M (called a D-brane world-volume, a source of the Ramond-Ramond 
flux). The theory also has a Neveu-Schwarz £?-field classified by a characteristic class 
[a] e H 3 (X,Z). 

In physics, the D-brane world volume M carries a gauge field on a complex vector 
bundle (called the Chan-Paton bundle), so a D-brane is given by a submanifold M of X 
with a complex bundle E and a connection V E . This data actually defines a differential 
K-class 

in differential if-theory K(M). 

When the £?-field is topologically trivial, that is [a] = 0, D-brane charge takes val- 
ues in ordinary A"-theory K°(X) or K 1 (X) for Type IIB or Type IIA string theory (as 
explained in [MM|[WitQ. For a D-brane M to define a class in the if -theory of X, its 
normal bundle vu must be endowed with a Spin structure. Equivalently, the embedding 

l : M ► X 

is K-oriented so that the push-forward map in if -theory (|AH|) 

if : K a (M) — ► K ev ' odd {X) 

is well-defined, (it takes values in even or odd K-groups depending on the dimension of 
M). So the D-brane charge of (t : M -> X, E) is 

if ( [E] ) e K ev /° dd {X). 

It was proposed in [MM] that the cohomological Ramond-Ramond charge of the D-brane 
is given by 

Q rr {l : M -+X,E) = ch(f, K (E))^jA(X) 

when X is a Spin manifold. A natural if-theoretic interpretation follows from the fact that 
the modified Chern character isomorphism 

K™ /odd (X) — c H ev/odd (X,Q) 

given by mapping a ^ ch(a)\J A(X) is an isometry with the natural bilinear parings on 

K^(X) = K*{X) ® Q and H ev / odd {X, <Q>). Here the pairing on K(X) is given by the 
index of the Dirac operator 

[a, b) K = Index(^ a8b ) = f ch(a)ch(b)A(X) = (ch(a)yj A(X), (ch(b)^J 'a(X)) r . 

•J X 

When the B-field is not topologically trivial, that is [a] ^ 0, then [a] defines a complex 
line bundle over the loop space LX, or a stable isomorphism class of bundle gerbes over 
X. Then in order to have a well-defined worldsheet path integral, Freed and Witten in 
[FreWit| showed that 



(7.1) 



l*[o\+W 3 (v m ) = 0. 
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When l* [a] ^ 0, that means i is not K-oriented, then the push-forward map in if -theory 

(EH) 

if :K°(M) — >K*{X) 
is not well-defined. Witten explained in [Wit| that D-brane charges should take values in 
a twisted form of if -theory, as supported further by evidence in [BouMat] and |Kap|. 

In [Wa], the mathematical meaning of ( 17. \\ was discovered using the notion of a- 
twisted Spin c manifolds for a continuous map 

a : X — > K(Z,3) 

representing [a] € H 3 (X, Z). When X is Spin c , the datum to describe a D-brane is ex- 
actly a geometric cycle for the twisted if -homology Kf°° odd (X, a). By Poincare duality, 
we have 

Kf:/ odd (X,a) = K°(X,a + o x ) 

with the orientation twisting ox '■ X — > K (Z, 3) trivialized by a choice of a Spin c struc- 
ture. Hence, 

K°(X,a + o x ) =K°(X,a). 
For a general manifold X, a submanifold i : M — ► X with 

i*([a])+W 3 (v M ) = 0, 
then there is a homotopy commutative diagram 

M *- BSO 

o 

V o 

o w 3 

o 

X^—g-K(Z,S), 

here i>m also denotes a classifying map of the normal bundle, or a classifying map of the 
bundle TM l*TX. This motivates the following definition (see also IICW2I ). 

Definition 7.1. Given a smooth manifold X with a twisting a : X — > K (Z,3), a 
B-field of (X, a) is a differential twisting lifting a 

a = (G a ,9,u>), 

which is a (lifting, or local) bundle gerbe Q a with a connection 8 and a curving w. The 
field strength of the S-field (Q a , 8, ui) is given by the curvature H of a. 

A Type II (generalized) D-brane in (X, a) is a complex vector bundle E with a con- 
nection V E over a twisted Spin manifold M. The twisted Spin structure on M is given 
by the following homotopy commutative diagram together with a choice of a homotopy r\ 

(7.2) M ^ BSO 

* w 3 

where v L is the classifying map of TM l*TX. 

Remark 7.2. The twisted Spin manifold M in Definition 17. H is the D-brane world 
volume in Type II string theory. The twisted Spin structure given in il.2i implies that 
D-brane world volume M C X in Type II string theory satisfies the Freed- Witten anomaly 
cancellation condition 

i*[a]+W 3 {vM) = 0. 
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In particular, if the B-field of (X, a) is topologically trivial, then the normal bundle of 
McXis equipped with a Spin c structure given by (17.21 ). 

Given a Type II D-brane (M, t, v L , n, E, V B ), the homotopy r\ induces an isomorphism 

?7* : K°(M) -» i4T°(M, t*a + o t ). 

Here o L denotes the orientation twisting of the bundle TM © t*TX. Note that 

tf : K°(M, 1* a + o t ) — ► K en ' odd {X, a) 



is the pushforward map (|2.9b in twisted if-theory. Hence we have a canonical element in 

K en /° dd (X,a) defined by 

called the D-brane charge of [M, t, v L , rj, E). We remark that a Type II D-brane 

{M,L,^,T),E,V B ) 

defines an element in differential twisted if-theory f{ en /° dd (X 7 a). 

From (I7.21 i, we know that M is an (a + ox)-twisted Spin manifold as we have the 
following homotopy commutative diagram 

M "-^ BSO 

o 

* w 3 

o 

X^-^K{Z,3) 

a+o x 

where v is the classifying map of the stable normal bundle of M, Together with the follow- 
ing proposition, we conclude that the Type II D-brane charges, in the present of a B-field 

ot = (Q a ,6,w), 

are classified by twisted i^-theory K°(X, a). 

PROPOSITION 7.3. Given a twisting a : X — > K(Z, 3) on a smooth manifold X, 
every twisted K-class in K ev / odd (X, a) is represented by a geometric cycle supported on 
an (a + ox)-twisted closed Spin -manifold M and an ordinary K-class [E] € K (M). 

For completeness, we also give a definition of Type I D-branes (Cf. [MMS |, |RSV| 
and Section 8 in ITWal ). 

Definition 7.4. Given a smooth manifold X with a KO-twisting a : X — > K(Z 2 ,2), 
a Type I (generalized) D-brane in (X, a) is a real vector bundle E with a connection V E 
over a twisted Spin manifold M. The twisted Spin structure on M is given by the follow- 
ing homotopy commutative diagram together with a choice of a homotopy r] 

(7.3) M ^ BSO 

V o 

X^^K(Z 2 ,2) 

where w 2 is the classifying map of the principal K(Z 2 , 1) -bundle BSpin — > BSO asso- 
ciated to the second Stiefel-Whitney class, n is a homotopy between w 2 v L and aoi. Here 
v L is the classifying map of TM © i*TX. 
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Remark 7.5. A Type I D-brane in (X, a) has its support on a manifold M if and 
only if there is a differentiable map l : M — > X such that 

i*{[a])+w 2 {v,) = U. 

Here v L denotes the bundle TM i*TX. 

Given a Type I D-brane in (X, a), the push-forward map in twisted KO-theory 

KO*(M)—^-KO*{M,aoL + o L )—^KO*{X,a) 

defines a canonical element in KO*(X, a). Every class in KO*(X, a) can be realized 
by a Type I (generalized) D-brane in (X, a). Hence, we conclude that the Type I D-brane 
charges are classified by twisted KO-theory KO ev / odd {X, a). 
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